1. Introduction {#sec0005}
===============

Studies on environmental degradation, management, pollution etc., have become a hot topic in research papers in the last decades. Evidence of this is the number of new journals that have appeared to properly present these research outcomes. Future engineers should be aware of environmental issues and concerns in order to develop critical thinking about sustainable development. According to ([@bib0020]), it is important to provide environmental education to avoid that students effectively become just process operators that perpetuate business as usual, causing serious environmental problems.

What we are witnessing is that in general only interested students receive some information through elective summer programs, elective courses or by voluntary attendance of seminars outside the standard contact hours. A different approach that would reach the whole class and not just the interested students would be ideal. This is the main intention of this paper. Given its characteristics, it is easier to include environmental topics in certain courses while it may seem to be less easily done in other subjects. For instance, including environmental issues in Mathematical Optimization does not seem to be obvious; but we will show that it is possible through contextualizing the tutorial problems. These problems can be given with just the essential information (bare-bone) to proceed straightaway to the required calculations, or they can be transformed in a way that the same mathematical problem is given with an environmental context that can motivate class discussion.

1.1. Choosing the way for the environmental topic analysis {#sec0010}
----------------------------------------------------------

Once the environmental topic has been chosen and added to the problem statement, there are different possibilities for its analysis. One option is to use the so-called Sustainable Development Goals (SDGs) (see [Fig. 1](#fig0005){ref-type="fig"} ) and work through them. In the year 2015 the leaders of all Member States of the United Nations (UN) agreed on a set of 17 Goals (SDGs) for the progress of the world to 2030 ([@bib0145]). These Goals intend to represent who we want to be in a decade from now. According to the UN ([@bib0145]), there is an urgent call for action by all countries, therefore, educators at all levels, including universities ([@bib0120]; [@bib0125]; [@bib0150]), have a critical role to play in the achievement of these goals. That said, ([@bib0050], [@bib0055], [@bib0065]) show concern for the outcomes of applying just the SDGs because these assume Nature as a commodity that can be used as a resource or as an ecosystem service; therefore, analyzing environmental problems through the Goals might induce environmental and social unsustainability. According to this author, these Goals somehow justify business-as-usual by assuming that it is possible to disconnect the link between Nature resource consumption and economic growth. Because there is a biophysical limit to growth ([@bib0110]), these Goals can aggravate the environmental problems by excluding nonhuman species that will lead to more biodiversity loss, pollution, climate change and inevitably social tensions. Instead of using the SDGs, this author advocates to use circular economy and Cradle-to-Cradle (C2C) theory ([@bib0060]; [@bib0070]). C2C theory roughly means the opposite of what we are doing at present: producing goods that have a life cycle from cradle to grave. The bottom line is to produce goods bearing in mind the whole cycle of the materials involved. The concept of *waste* must disappear; according to ([@bib0070]) there are two types of waste: *biological waste* that can be integrated in the biological cycle and *technical waste* that should not abandon the technical cycle. The whole point is to guarantee that "waste = food", like Natural cycles do.Fig. 1Sustainable Development Goals ([@bib0145]).Fig. 1

1.2. Preamble to the case studies {#sec0015}
---------------------------------

As stated above, mathematical optimization problem statements can be offered through a narrative with an environmental focus in order to raise awareness and elicit reflexive thinking and in-class discussion. The academic solved problems presented here deal with human waste management in the context of informal settlements in a developing country. This waste can cause serious health problems if not dealt with properly ([@bib0010]; [@bib0135]). An almost universal way to "get rid" of human waste is by using flush-toilets connected to a water-flushed network of sewers. This solution is lately being under debate ([@bib0015]; [@bib0140]) because of the vast amount of potable water being flushed through the toilet ([@bib0040]) and the associated stress to the ecosystem.

On the other hand, another aspect to take into consideration is that human waste could be treated as a source of energy if fed to anaerobic biodigesters. These digesters are considered to be environmentally friendly devices to obtain clean energy from waste ([@bib0075]). When biodegradable waste is fed to anaerobic bio-digesters, it simultaneously produces valuable biogas and organic fertilizer with multiple positive outcomes ([@bib0035]). Many anaerobic bio-digesters constructed all over the globe, use cattle manure as feed material. There is little reported research on bio-digesters fed with human excreta, but that which is published is positive ([@bib0005]; [@bib0025]; [@bib0030]; [@bib0035]; [@bib0080]; [@bib0085]; [@bib0090]; [@bib0130]). The use of human waste has become a topic of renewed interest in the context of energy generation since it is an abundant renewable source of energy that has a negative environmental impact if not treated properly ([@bib0080]).

Given this context, the academic problems that we present below address these environmental and social situations by suggesting the installation of new dry toilets in the households of the deprived areas under study. These dry toilets are equipped with removable cassettes that enables collection and transport of waste in a hygienic manner ([@bib0045]). The bottom-line behind these problems is to send the collected cassettes to centralized bio-digesters for the provision of energy to public buildings like schools or hospitals. These multidisciplinary problems are very useful for introducing environmental concern to Chemical Engineering students because they have the potential to bring interesting debates to the classroom. Some of the issues that can be tackled are: (a) the importance of human waste management, (b) the significance of using potable water for getting rid of such waste, (c) the relevance of anaerobic biodigestion dealing with biological waste and (d) the applicability of mathematical optimization in solving logistic problems, etc. The discussion can then go as far as talking about what is an "ecocentric worldview" where humans, non-humans, entire ecosystems etc., have moral value ([@bib0155]). This line of thinking clearly challenges the following quote from 20th century that seems to still encompass prevailing attitudes ([@bib0100]): "*Engineering is the art of organizing and directing men and controlling the forces and materials of nature for the benefit of the human race*".

1.3. Overview to the case studies {#sec0020}
---------------------------------

After that preliminary presentation and discussion, the student can concentrate in the chemical engineering problem, i.e., calculating the optimized logistic for the transportation of human waste to properly manage a resource recycling-oriented society. This means that the student must develop an optimal logistics solution to collect all the human waste and carry it to the most appropriate biodigestion site at the right time with the intention to make the operation as efficient and as cheap as possible. Two problems are presented here that can be used in problem solving tutorials for the subject of optimization in the context of chemical engineering. The second problem is an extension of the first one and can be used for a subsequent tutorial session or as a final year project. The solved problems are provided first, at an easy level for the non-specialist, but it is also provided in its proper format for the experts.

2. Methodology {#sec0025}
==============

We propose that lecturers address the first 15−20 min of the tutorial with a general overview of the serious hygiene problem that informal settlements bear and the option of using dry toilets with cassettes that once full, can be sent to centralized biodigesters. After that, there can be a brief presentation on the environmental impact that this waste represents if not treated properly. Finally, the discussion can evolve to consider the importance of environmental sustainability, the SDGs and finally C2C theory. After that, students can solve the logistic problem. We provide here two solved case studies. Sections [2.1](#sec0030){ref-type="sec"} and [2.2](#sec0035){ref-type="sec"} show the statement of the academic problems. The mathematical modelling and solutions appear in subsequent sections.

2.1. Case study 1 -- problem statement {#sec0030}
--------------------------------------

It is desired to find an optimized logistics solution for the transportation planning to distribute the raw material (cassettes containing human waste) from three informal settlements (supply areas) to two bio-digesters (demand areas). Assume two bio-digesters already functioning, one on the premises of a university and the other at a hospital. The cost and distances for transportation appear in [Table 1](#tbl0005){ref-type="table"} from the three informal settlements to the bio-digesters sites. These costs are divided in two parts: a fixed amount due to the rental of the truck (with driver) which is independent of the number of cassettes transported, and a variable part that takes into account the number of cassettes which influences the time taken to load and unload the truck. The number of cassettes that are transported from any of the three informal settlements (*i*) to any of the two bio-digester sites (*j*) during the month *m* is denoted by variable $x_{i,j,m}$ in other words, $x_{i,j,m}$ is the size of shipment.Table 1Transportation costs and distance between supply and demand areas for case study 1. There is a fixed amount (rental) plus a variable part depending on the number of cassettes transported ($x_{i,j,m}$). IS = Informal Settlement.Table 1University (j = u)\
\[€/month\]Hospital (j = h)\
\[€/month\]IS1 (i = 1)500 + 0.05$x_{i,j,m}$\
(42 km)160 + 0.1$x_{i,j,m}$\
(13 km)IS2 (i = 2)544 + 0.01$x_{i,j,m}$\
(45 km)128 + 0.06$x_{i,j,m}$\
(11 km)IS3 (i = 3)704 + 0.07$x_{i,j,m}$\
(59 km)384 + 0.1$x_{i,j,m}$\
(32 km)

The cassettes of these new toilets are assumed to be full after 2 days in a household of 6 members. Therefore, each family requires 15 cassettes per month. The number of cassettes to be removed from each informal settlement depends on the calendar month ([Table 2](#tbl0010){ref-type="table"} ) given the fluctuations of inhabitants in holiday periods. These values arise by setting the number of families in each settlement: 873, 1100 and 1138 respectively. It is required three times per week that all cassettes be ready at a pickup point in each settlement to be loaded into the truck. Therefore, there must be a worker with a small van, for fetching all the cassettes from all the households to the pickup point. [Table 3](#tbl0015){ref-type="table"} shows these costs on a monthly basis. These values are independent on the month, because all the cassettes must be swapped and the worker needs to visit all the households anyway.Table 2Number of cassettes that need to be removed from the settlements.Table 2Month\# cassettes from settlement 1\# cassettes from settlement 2\# cassettes from settlement 3Jan5123812213427Feb133881687015869March158691687017456April113881124615869May133881687017456June133881687017456July85371012215869Aug133881687015456Sept133881687015869Oct133881687017456Nov133881687015869Dec67731771316113Table 3Costs associated to gathering the cassettes. These costs are fixed and independent on the month. IS = Informal Settlement.Table 3Gathering costs\
(€/month)IS117851IS222493IS323274

The planning of the transport of the cassettes is subject to: (a) The cassettes being removed three times per week (they cannot be left to accumulate in the households) and (b) the demand of cassettes by the two bio-digesters being bigger than or equal to the supply of cassettes. The latest is to guarantee that all the waste produced in the three settlements is taken to avoid sanitation problems; also to deliver the waste to the biodigesters as fresh as possible. The values of the maximum demand by the two biodigesters considered are listed in [Table 4](#tbl0020){ref-type="table"} . If the energy demand from the hospital or university is not met, they need to find either, another source of bio-waste (e.g., cattle manure) or acquire energy by other conventional means (e.g., electricity). Additionally, the minimum number of cassettes that must arrive to each bio-digester every month is set to 3000 cassettes.Table 4Maximum demand of cassettes by the two anaerobic bio-digesters considered in case study 1.Table 4Month\# of cassettes/month Demand area University\# of cassettes/month Demand area\
HospitalJanuary2700041000February2700041000March2700041000April2700041000May2700041000June2700045000July2700045000August2700045000September2700045000October2700045000November2700045000December2700045000

It is thus required to optimize the flow of cassettes from the three informal settlements to the two biodigesters in order to minimize the monthly transportation cost.

2.2. Case study 2 -- problem statement {#sec0035}
--------------------------------------

This case study is an extension of the previous one. In case study 1 it is implicitly assumed that, the infrastructure of the two bio-digesters already exist. This assumption is lifted in Case study 2 and therefore the problem is formulated differently as follows: Given a set of settlements, each one with a known monthly waste generation (cassettes), given also a set of possible locations for the bio-digesters and their associated installation and operational costs, determine which bio-digesters must be installed, as well as, the amount of cassettes that they need to be supplied each month. Case study 2 applies to the same settlements as before hence, [Table 2](#tbl0010){ref-type="table"}, [Table 3](#tbl0015){ref-type="table"} are still applicable. Assuming that there are six possible bio-digesters to be built therefore, we need to substitute [Table 1](#tbl0005){ref-type="table"}, [Table 4](#tbl0020){ref-type="table"} with [5](#tbl0025){ref-type="table"} and [6](#tbl0030){ref-type="table"} respectively. Information about the installation and operational costs of the six possible bio-digesters are listed in [Table 7](#tbl0035){ref-type="table"} . The installation costs have been annualized for 10 years.Table 5Transportation costs for case study 2. $x_{i,j,m}$ = number of cassettes. IS = Informal Settlement. BD = bio-digester. Units \[€/month\].Table 5IS1IS2IS3BD1500 + 0.05$x_{i,j,m}$544 + 0.01$x_{i,j,m}$704 + 0.07$x_{i,j,m}$BD2160 + 0.1$x_{i,j,m}$128 + 0.06$x_{i,j,m}$384 + 0.1$x_{i,j,m}$BD3400 + 0.04$x_{i,j,m}$555 + 0.1$x_{i,j,m}$350 + 0.07$x_{i,j,m}$BD4280 + 0.03$x_{i,j,m}$675 + 0.01$x_{i,j,m}$130 + 0.04$x_{i,j,m}$BD5200 + 0.03$x_{i,j,m}$101 + 0.05$x_{i,j,m}$500 + 0.1$x_{i,j,m}$BD6350 + 0.1$x_{i,j,m}$500 + 0.08$x_{i,j,m}$800 + 0.08$x_{i,j,m}$Table 6Maximum demand of cassettes by the six anaerobic bio-digesters (BD) considered in case study 2. Units (cassettes/month).Table 6MonthBD1BD2BD3BD4BD5BD6Jan70004100080003500500045000Feb27000410008000250005000045000March27000410008000250005000045000April27000410008000250005000045000May27000410008000250005000045000June27000450008000250005000045000July2700045000300003500500055000Aug270004500030000350005000055000Sept70004500030000350005000055000Oct270004500030000250005000055000Nov270004500030000250005000055000Dec2700045000300003500500055000Table 7Installation and operational costs of the six possible bio-digesters (BD) considered.Table 7Installation cost\
(€/year)Operational cost (€/month/cassettes)BD117000.12$x_{i,j,m}$BD220000.27$x_{i,j,m}$BD315000.19$x_{i,j,m}$BD418000.43$x_{i,j,m}$BD514000.24$x_{i,j,m}$BD622000.38$x_{i,j,m}$

2.3. Mathematical model formulation for case study 1 {#sec0040}
----------------------------------------------------

Mathematical optimization will be used to solve the logistic problems posed. The exact mathematical formulation could be given straight away but, given that not all Chemical Engineering academics are experts in optimization, we have decided to provide two presentations for the mathematical model: A simplified description intended for the non-specialist in mathematical optimization (this section), and the same but in its formal presentation for the expert in the subject (Appendix).

The mathematical model for the resolution of the first case study corresponds to basically with an extended multi-period transportation approach ([@bib0095]), i.e., the situation is different every month. The general objective of these type of problems is to schedule the shipments from sources to destinations so that the total cost related to activities in origin, destination and transportation are minimized. [Fig. 2](#fig0010){ref-type="fig"} shows the network representation of the transportation problem we intend to solve. The three settlements are the "sources" of cassettes, and the university and hospital biodigesters are the "destinations". Each destination is linked to every source by an arrow to show all the combinations for the transport to take place. Therefore, there are 5 nodes in [Fig. 2](#fig0010){ref-type="fig"}, three nodes for the sources and two for the destinations.Fig. 2Network representation of the transportation problem posed in case study 1. Distances are listed in [Table 1](#tbl0005){ref-type="table"}.Fig. 2

We need to describe the different sets that we use in the model. There are 3 sets:

i = supply node, i.e., the settlements 1, 2 and 3 = \[1, 2, 3\]

j = demand node, i.e., university and hospital = \[u, h\]

m = time period = \[Jan, Feb, March, April, May, June, July, Aug, Sept, Oct, Nov, Dec\]

The objective is to determine the number of cassettes that must be delivered in each time-period from all settlements to the two bio-digesters. To that end we need to define the variables in the model. For this particular case, we have used two kinds of variables: positive and binary variables. $x_{i,j,m}$ is a positive variable which defines the number of cassettes being delivered from "i" to "j" per month "m". We also need to introduce a binary variable to be employed as decision variables (yes-or-no variables). The symbol $y_{i,j,m}$ represents the binary variable for this case study. $y_{i,j,m}$ will account if the transport from "i" to "j" occurs in month "m". There are only two options: YES ($y_{i,j,m}$ =1) or NO ($y_{i,j,m}$ =0). The values of the optimized variables $x_{i,j,m}$ and $y_{i,j,m}$ will be found once the mathematical optimization has been finalized.

For the mathematical optimization to take place, we need to define a quantifiable objective function and a set of quantifiable restrictions (constraints) for the variables.

### 2.3.1. Objective function {#sec0045}

In this logistic optimization case study, we need to minimize the total cost of transport. Each arrow in [Fig. 2](#fig0010){ref-type="fig"} is associated to a cost shown in [Table 1](#tbl0005){ref-type="table"}, therefore, we need to consider these 6 costs (one per arrow) which change every month due to the value of $x_{i,j,m}$. We need to also add to the objective function the costs shown in [Table 3](#tbl0015){ref-type="table"}. Eq. [(1)](#eq0005){ref-type="disp-formula"} summarizes in a single expression the objective function, total costs or$f\left( {y_{i,j,m},x_{i,j,m}} \right)$, that depends on variables $x_{i,j,m}$ and $y_{i,j,m}$.$$\begin{array}{l}
{f\left( {y_{i,j,m},x_{i,j,m}} \right)\, = \,\sum\limits_{m}\begin{bmatrix}
{(500y_{1um} + 0.05x_{1um}) + (544y_{2um} + 0.01x_{2um}) + (704y_{3um} + 0.07x_{3um}) +} \\
{+ \,\,(160y_{1hm} + 0.1x_{1hm}) + (128y_{2hm} + 0.06x_{2hm}) + (384y_{3hm} + 0.1x_{3hm})\rbrack} \\
\end{bmatrix}} \\
{\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\, + \,\,\left( {17851 + 22493 + 23274} \right) \times 12} \\
\end{array}$$

The reason to sum over all "m" is that the number of cassettes shipped each month and the options to ship or not to ship, change on a monthly basis. Notice that the fixed costs shown in [Table 1](#tbl0005){ref-type="table"} are now multiplied by the binary variable $y_{i,j,m}$ in Eq. [(1)](#eq0005){ref-type="disp-formula"}. The inclusion of this binary is necessary because if the transport does not take place, the fixed cost amount should not be taken into account in the cost equation. If we refer, in general, to the fixed costs as $Cf_{i,j,m}$, to the variable costs as $Cv_{i,j,m}$ and to the gathering costs as $G_{i}$, then, Eq. [(1)](#eq0005){ref-type="disp-formula"} can be formally rewritten as:$$f\left( {y_{i,j,m},x_{i,j,m}} \right)\, = \sum\limits_{m}{\sum\limits_{i}{\sum\limits_{j}\left( {Cf_{i,j,m}y_{i,j,m} + Cv_{i,j,m}x_{i,j,m}} \right)}}\, + \,\sum\limits_{i}{G_{i}\, \times \, 12}$$

### 2.3.2. Constraints of the model {#sec0050}

The constraints are conditions written as mathematical expressions that force the supply and demand to be satisfied. In a transportation problem, there is at least one constraint for each node. All the constraints that need to be included in the model will be explained below.

Let's start by the supply-node constraints. In this case, all the cassettes need to be taken away, i.e., all the cassettes at each source-node must be removed. Mathematically, this constraint is shown in Eq. [(3)](#eq0015){ref-type="disp-formula"} for all ($\forall$) combinations of "m" and "i".$$\sum\limits_{j}{x_{i,j,m}\, = \, Supply_{m,i}\,\,\,\,\,\,\,\,\,\,\,\forall m,i}$$

Eq. [(3)](#eq0015){ref-type="disp-formula"} represents a collection of 36 equations by using all the combinations of "i" and "m". This equation states that the sum of all the cassettes leaving from informal settlement "i" in one particular month to arrive to any of the two biodigesters ("j"), must equal the supplied amount ([Table 2](#tbl0010){ref-type="table"}). It might be helpful to see in detail the first 3 equations from Eq. [(3)](#eq0015){ref-type="disp-formula"} for the particular month of January.$$\left( \begin{array}{l}
{x_{1,u,Jan} + x_{1,h,Jan} = 5123} \\
{x_{2,u,Jan} + x_{2,h,Jan} = 8122} \\
{x_{3,u,Jan} + x_{3,h,Jan} = 13427} \\
\end{array} \right\}$$

The equal sign in Eq. [(3)](#eq0015){ref-type="disp-formula"} and (4) implies that the supply of cassettes must be removed to either the university or the hospital but, for sanitary reasons, it cannot be left to accumulate in the informal settlement.

Let's move on now to the demand-node constraints. The bio-digester cannot work over its design capacity (upper bound), and at the same time, there is a minimum number of cassettes (lower bound) that need to be transported to the different bio-digesters so that the biodigestion does not get upset. Mathematically, the upper bound constraint for the demand ([Table 4](#tbl0020){ref-type="table"}) can be written as follows:$$\sum\limits_{i}{x_{i,j,m}\, \leq \, Demand_{m,j}\,\,\,\,\,\,\,\,\,\,\,\forall m,j}$$

Eq. [(5)](#eq0025){ref-type="disp-formula"} represents a collection of 24 equations which state that the sum of all the cassettes arriving to "j" in one particular month "m" from any of the three informal settlements "i", must be equal or smaller than the maximum demanded amount ([Table 4](#tbl0020){ref-type="table"}), i.e., the digester should not be fed with more input material than that required by design. It might be helpful to see in detail the first 2 equations from Eq. [(5)](#eq0025){ref-type="disp-formula"} for the particular month of January.$$\left( \begin{array}{l}
{x_{1,u,Jan} + x_{2,u,Jan} + x_{3,u,Jan} \leq 27000} \\
{x_{1,h,Jan} + x_{2,h,Jan} + x_{3,h,Jan} \leq 41000} \\
\end{array} \right\}$$

On the other hand, the lower bound constraint for the demand is described mathematically by Eq. [(7)](#eq0035){ref-type="disp-formula"}. The same, but easier version of this, are the 2 equations shown in Eq. [(8)](#eq0040){ref-type="disp-formula"}. There are only 2 equations because the minimum number of cassettes that must arrive to each bio-digester is the same every month.$$\sum\limits_{i}x_{i,j,m}\, \geq \, 3000\,\,\,\,\,\,\,\,\,\,\,\forall j,m$$ $$\left( \begin{array}{l}
{x_{1,u,m} + x_{2,u,m} + x_{3,u,m} \geq 3000} \\
{x_{1,h,m} + x_{2,h,m} + x_{3,h,m} \geq 3000} \\
\end{array} \right\}$$

We still need to add more constraints for the model to be complete. The model also needs to somehow link variable $x_{i,j,m}$ to the value of $y_{i,j,m}$, i.e., it must make 0 variable $x_{i,j,m}$ if variable $y_{i,j,m}$ is set to 0, and leave it to vary freely if $y_{i,j,m}$ acquires the value 1. This condition which looks like common sense and pointless to be written, is actually necessary for the model to function properly, otherwise we might obtain the unreasonable result that $x_{i,j,m}$ is different to 0, meanwhile $y_{i,j,m}$ is 0 for the same "i, j, m" combination. Mathematically this is written as in Eq. [(9)](#eq0045){ref-type="disp-formula"} where the so called "big M" (a big number) is used.$$x_{i,j,m}\, \leq \,\text{M}y_{i,j,m}\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\forall i,j,m$$

This equation satisfies the above requirements because if $y_{i,j,m}$ is zero, then $x_{i,j,m}$ will automatically become zero. On the contrary, if $y_{i,j,m}$ is 1, then $x_{i,j,m}$ can be any positive value smaller than M. The value of M is chosen to be the highest number in [Table 2](#tbl0010){ref-type="table"} because $x_{i,j,m}$ will never surpass that value.

Finally, we need an extra constraint that forces the model not to choose the trivial and useless answer that the lowest cost will be achieved if we transport *NOTHING*, i.e., we need to force the model not to choose all $x_{i,j,m}$ equal zero, given that it is required to transport the cassettes. This constraint for the model is stated in Eq. [(10)](#eq0050){ref-type="disp-formula"}.$$\sum\limits_{j}y_{i,j,m} \geq \, 1\,\,\,\,\,\,\,\,\,\,\,\,\forall\, i,m$$

Eq. [(10)](#eq0050){ref-type="disp-formula"} represents 36 equations. For the month of January, this expression is shown in Eq. [(11)](#eq0055){ref-type="disp-formula"} with the following interpretation: The cassettes from each settlement must be transported to either the university or the hospital, i.e., at least one of the two decision variables, $y_{i,u,m}$ or $y_{i,h,m}$, must be equal to one (although, it is also possible that both turn out to be simultaneously equal to one).$$\left( \begin{array}{l}
{y_{1,u,Jan} + y_{1,h,Jan} \geq 1} \\
{y_{2,u,Jan} + y_{2,h,Jan} \geq 1} \\
{y_{3,u,Jan} + y_{3,h,Jan} \geq 1} \\
\end{array} \right\}$$

The model described contains binary and continuous variables. All the equations are linear, therefore we have ended up with a so called "Mixed Integer Linear Programming" problem (MILP) in the context of mathematical optimization ([@bib0095]). There are many tools at our disposal to solve linear programming problems, but the preferred tool is GAMS (General Algebraic Modeling System) since it is specifically designed for mathematical optimization. GAMS consists of a language compiler and a set of high-performance solvers for complex, large scale modelling applications. This is the reason why Eqs. [2](#sec0025){ref-type="sec"}, [5](#sec0070){ref-type="sec"} and 7 and 10 have been presented in a more contracted manner, so that the GAMS user can write many (sometimes thousands) equations in a single command. The Supplementary Material provided contains the exact file of GAMS that we have used.

2.4. Mathematical model formulation for case study 2 {#sec0055}
----------------------------------------------------

This paper also contains the formal version for case study 2 in the Appendix. We have now to consider the possibility to send the cassettes to six bio-digesters (BD) that have not being constructed yet. The optimization will indicate which bio-digester(s) should be built and operated. The set "j" now changes to six elements:

j = demand node = \[BD1, BD2, BD3, BD4, BD5, BD6\]

We can use some of the equations already presented in Section [2.3](#sec0040){ref-type="sec"} for case study 1 but, we also need to add new variables, constraints and reformulate the objective function.

We need two new positive variables to describe the added extra cost for the installation ($CI_{j}$) and operation ($CO_{j}$) of each bio-digester ([Table 7](#tbl0035){ref-type="table"}). In addition, we need another binary variable ($w_{j}$) to account if the bio-digester is going to be built ($w_{j}$ =1) or not ($w_{j}$ =0). The new objective function is based on Eq. [(2)](#eq0010){ref-type="disp-formula"}, but we need to add the installation costs ($CI_{j}$) multiplied by the binary variable $w_{j}$, plus the operational costs ($CO_{j}$) multiplied by $x_{i,j,m}$.$$f\left( {y_{i,j,m},x_{i,j,m},\,\, w_{j}} \right)\, = \sum\limits_{m}{\sum\limits_{i}{\sum\limits_{j}\left( {Cf_{i,j,m}y_{i,j,m} + Cv_{i,j,m}x_{i,j,m}} \right)}} + \,\,\sum\limits_{i}{G_{i}\, \times \, 12}\, + \,\sum\limits_{j}\left( {CI_{j}w_{j} + \sum\limits_{i}{\sum\limits_{m}{CO_{j}x_{i,j,m}}}\,} \right)\,$$

The reasoning behind Eq. [(12)](#eq0060){ref-type="disp-formula"} is very similar to the explanation already given for Eq. [(1)](#eq0005){ref-type="disp-formula"}. For this case study we need to also add an extra constraint that establishes that if a bio-digester should not be built then, there must be no transport between any settlement to that bio-digester. This constraint is shown in Eq. [(13)](#eq0065){ref-type="disp-formula"} and it can be explained as follows: if $w_{j} = 0$ (the bio-digester will not be built) then, any $y_{i,j,m}$ is forced to become zero as well. The approach to reach to such statement appears in the Appendix for the formal description.$$w_{j} + \sum\limits_{i}{\sum\limits_{m}\left( {1 - y_{i,j,m}} \right)} \geq 1\,\,\,\,\,\,\,\forall j$$

This second model contains again linear equations, binary and continuous variables, therefore, we have ended up with another (MILP) problem. The Supplementary Material provided contains the exact file of GAMS that we have used.

3. Results of the case studies {#sec0060}
==============================

After writing the data and equations in GAMS as shown in the Supplementary Material, the application solves all the equations simultaneously and provides the results. For case study 1 these results contain the 72 different values of $y_{i,j,m}$ and the corresponding 72 for $x_{i,j,m}$. There are 72 because the application finds out all the different options of 3 settlements × 2 bio-digesters × 12 months = 72. These values have been presented in [Fig. 3](#fig0015){ref-type="fig"} (from the point of view of the supply) and [Fig. 4](#fig0020){ref-type="fig"} (from the point of view of the demand). [Fig. 3](#fig0015){ref-type="fig"} shows that for most of the months the cassettes from informal settlement 1 must be sent to the university, except for January, July and December where the cassettes should be sent to the hospital. As for informal settlement 2, there is a distribution of cassettes between the two bio-digesters that is difficult to predict beforehand. For most of the year, Informal settlement 3 must send its cassettes to the hospital, but during January and July the cassettes must be sent to the university. From [Fig. 3](#fig0015){ref-type="fig"}, [Fig. 4](#fig0020){ref-type="fig"} it can be deduced that the answer to the problem is not trivial for a quite small size problem like this. The optimized cost of the project for case study 1 is €811064/year.Fig. 3Detail of the optimal numbers of cassettes transported per month from the different settlements to the university and hospital (case study 1).Fig. 3Fig. 4Detail of the optimal number of cassettes that must be transported per month to the university and hospital from the three settlements under consideration (case study 1).Fig. 4

Turning our attention now to the results corresponding to case study 2, we obtained that only three out of the six possible bio-digesters need to be constructed. The values of the binary variable accounting for this, $w_{j}$, are $w_{BD1}\, = \, 1$, $w_{BD2}\, = \, 1\,$, $w_{BD3}\, = \, 1$, $w_{BD4}\, = \, 0$, $w_{BD5}\, = \, 0$ and $w_{BD6}\, = \, 0$. [Fig. 5](#fig0025){ref-type="fig"}, [Fig. 6](#fig0030){ref-type="fig"} show the distribution for transporting the cassettes for case study 2. As in case study 1, [Fig. 5](#fig0025){ref-type="fig"}, [Fig. 6](#fig0030){ref-type="fig"} show that the optimal answer to the problem is not trivial and impossible to be solved manually. The optimized cost of the project for case study 2 is €809,883/year for transport considerations only (similar to the amount obtained in case study 1). We need now to add the cost of installation and operation of the three bio-digesters selected. The latest amount is €91,522/year. Therefore, the total amount is €901,405/year.Fig. 5Detail of the optimal numbers of cassettes transported per month from the different settlements to the bio-digesters that will be built (case study 2).Fig. 5Fig. 6Detail of the optimal number of cassettes that must be transported per month to the bio-digesters that will be built from the three settlements under consideration (case study 2).Fig. 6

4. Discussion of the environmental topic {#sec0065}
========================================

The solved case studies presented above offer the student the opportunity to evaluate which parts of the project positively contribute to the SDGs. Most likely students will point out to Goals number 1, 3, 6, 7, 8, 9, 12, 13 and 15 (see [Fig. 1](#fig0005){ref-type="fig"}). [Table 8](#tbl0040){ref-type="table"} shows in brief possible answers. A reasonable question that must be derived from the Goals analysis is the following: is this project entirely sustainable? An analysis by means of the C2C theory clearly indicates that even though the central part of the project is environmentally sustainable (produce sustainable energy and ecological fertilizer from human waste) there are other parts that might not be. A list of discussion outcomes from the C2C theory appears in [Table 9](#tbl0045){ref-type="table"} . The discussion in class about the project could be extended further through the following considerations: Can poverty reduction be decoupled from economic growth that entails consumption of natural resources? If a different economic system is not going to be implemented, how can we guarantee that by raising the standard of living of poor communities it is still possible to avoid potential catastrophic impacts on the global ecosystem? If the ecosphere is going to be damaged as a result of economic growth, how can intergenerational and interspecies justice be addressed in a democratic system? Perhaps a bit of economic deliberation is also appropriate at this stage. According to [@bib0110]) the neoliberal thinking assumes that the economy and the ecosphere are two independent systems, but this author believes that they are not and that by promoting economic growth, the biophysical systems upon which our existence depends, shrinks. The biophysical laws of the biosphere clash with the economic theory that we, humans, have invented. Since the laws of Nature are not going to change, (they are intrinsic to the Planet), it seems reasonable that it is us who need to adjust to Nature's cycles by adopting a new economic thinking. Some people might say that it is not possible to stop the inertia of what we have been doing for the last 200 years, but as we write this section, the COVID-19 pandemic is hitting the so-called developed countries hard, and consequently, economic activity has been voluntarily stopped by confining most citizens to their homes. The global paralysis of the economy that we are seeing is unprecedented and most governments are studying how to maneuver in the new situation. In the end, it becomes obvious that it is possible to stop the economy and change things.Table 8List of positive contributions from the project to some of the Sustainable Development Goals (SDGs).Table 8GoalPositive contribution1Poverty can be alleviated because the project, if implemented, could contribute to job creation3The installation of new dry toilets can help prevention of diseases6Better sanitation and hygiene if the project works well and the cassettes are removed on time and swapped by empty ones7The project aims to also produce bio-gas which is a type of sustainable energy8The project has the potential to promote safe and secure new jobs derived9The new dry toilets somehow means infrastructure development12The project implies the consumption of sustainable energy for the university and hospital. The recycling of human waste contributes positively to this goal13The biogas consumed by the university and hospital will not contribute to climate change15The fertilizer produced from the biodigestion could be used to restore forest landTable 9C2C discussion outcomes of the project.Table 9Sustainable part of the projectDubious sustainable part of the projectA waste material (human waste) can be used as food to produce sustainable energy and ecological fertilizer.The entire portable toilets, cassettes and biodigester should be constructed of a material that after their lifespan either degrades becoming biological waste or that it can be used in a technological cycle.\
All the vehicles used in the project should consume green energy.

5. Conclusions {#sec0070}
==============

A convenient and useful way to introduce environmental concern through the SDGs and the C2C theory for the Chemical Engineering curricula in the context of mathematical optimization has been illustrated. We believe that being exposed to the SDGs and its criticism is important because these Goals are at the heart of the 2030 Agenda for Sustainable Development endorsed by the United Nations. We have also presented sufficient material to further enrich the discussion with interesting topics such as "the ecocentric worldview" or "the adequacy of the economic system" which possibly can bring new perspectives to a Chemical Engineering class.
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 {#sec0080}

In this section we provide formal presentation of the mathematical models described in the manuscript in Sections [2.3](#sec0040){ref-type="sec"} and [2.4](#sec0055){ref-type="sec"}.

[Model for case study 1]{.ul}

Index sets:SETT\[i \| i is a supply node\] (i.e. Informal settlements 1, 2, 3)DEM\[j \| j is a demand node\] (i.e. University, Hospital area)TIME\[m \| m is a time period\] (i.e. calendar months)

Data$Demand_{j,m}^{Lo}$Minimum demand of cassettes by each bio-digester (j) in each time period (m). The value is 3000 cassettes independently of the month or biodigester.$Demand_{j,m}^{up}$Maximum capacity of the bio-digester j in time period m. See [Table 4](#tbl0020){ref-type="table"}.$Supply_{i,m}$Supply of cassettes from the different settlements. See [Table 2](#tbl0010){ref-type="table"}.$Cf_{i,j}$Fixed cost for transporting material from settlement i to bio-digester j. (€/month) See [Table 1](#tbl0005){ref-type="table"}.$Cv_{i,j}$Variable cost for transporting cassettes from settlement i to bio-digester j. (€/month/cassette) See [Table 1](#tbl0005){ref-type="table"}.

Variables$x_{i,j,m}$Positive variable. It is the number of cassettes transported from settlement i to bio-digester j in time period m$Y_{i,j,m}$Boolean variable that takes the value True if there is a delivery from settlement i to bio-digester j in time period m, and False otherwise$Cost_{i,j,m}$Transport cost between nodes i and j in time period m$Total\, Cost$Total cost

The model can be written in its disjunctive form as follows:$$\begin{array}{l}
{\min:\,\, Total\,\, Cost\,\, = \,\sum\limits_{i \in SETT}{\sum\limits_{j \in DEM}{\sum\limits_{m \in TIME}{Cost_{i,j,m}}}}} \\
{\begin{matrix}
{s.t.} & \\
 & {\left\lbrack \begin{array}{l}
{\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\, Y_{i,j,m}} \\
{Cost_{i,j,m} = Cf_{i,j} + Cv_{i,j}x_{i,j,m}} \\
\end{array} \right\rbrack\underline{\vee}} \\
\end{matrix}\left\lbrack \begin{array}{l}
{\neg Y_{i,j,m}} \\
{Cost_{i,j,m} = 0} \\
{x_{i,j,m} = 0} \\
\end{array} \right\rbrack\,\,\forall i \in SETT,\,\,\, j \in DEM,\, m \in TIME} \\
\end{array}$$ $$\sum\limits_{j}x_{i,j,m} = Supply_{i,m}\,\,\,\,\,\forall i \in SETT,\forall m \in TIME$$ $$\sum\limits_{i}{x_{ijm}\, \leq \, Demand_{j,m}^{up}}\,\,\forall j \in DEM,\,\,\forall m \in TIME$$ $$\sum\limits_{i}{x_{ijm}\, \geq \, Demand_{j,m}^{lo}}\,\,\forall j \in DEM,\,\,\forall m \in TIME$$ $$\underset{j \in DEM}{\vee}Y_{i,j,m}\,\forall m \in TIME;\,\,\forall i \in SETT$$

This model can be easily reformulated as a Mixed Integer Linear Programming Problem (MILP) using a hull reformulation ([@bib0115]). Binary variable $y_{i,j,m}$ is related to the Boolean variable $Y_{i,j,m}$. The logical relationships can be transformed in algebraic equations in terms of binary variables ([@bib0105]).The final model is as follows:$$\begin{array}{l}
{\min:\,\, Total\,\, Cost\,\, = \,\sum\limits_{i \in SETT}{\sum\limits_{j \in DEM}{\sum\limits_{m \in TIME}{Cost_{i,j,m}}}}} \\
 \\
{\begin{matrix}
{s.t.} & {Cost_{i,j,m} =} \\
\end{matrix}Cf_{i,j}y_{i,j,m} + Cv_{i,j}x_{i,j,m}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, m \in TIME\,\,} \\
 \\
{\begin{matrix}
 & {x_{i,j,m} \leq U_{i,m}y_{i,j,m}} \\
\end{matrix}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
 \\
{\begin{matrix}
 & {\sum\limits_{i}x_{i,j,m} \geq} \\
\end{matrix}Demand_{j,m}^{lo}\,\,\forall j \in DEM,\forall m \in TIME} \\
{\begin{matrix}
 & {\sum\limits_{i}x_{i,j,m} \leq} \\
\end{matrix}Demand_{j,m}^{up}\,\,\forall j \in DEM,\forall m \in TIME} \\
 \\
\begin{matrix}
 & {\sum\limits_{j}x_{i,j,m} = Supply_{i,m}\,\,\,\,\,\forall i \in SETT,\forall m \in TIME} \\
\end{matrix} \\
 \\
\begin{matrix}
 & {\,\sum\limits_{j}{y_{i,j,m} \geq 1\,\,\,}\forall m \in TIME;\,\,\forall i \in SETT} \\
\end{matrix} \\
 \\
{\begin{matrix}
 & {x_{i,j,m} \geq 0} \\
\end{matrix}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
\end{array}$$

In the above model the parameter $U_{i,m}$ is an upper bound to the maximum amount of cassettes that can be delivered from any settlement "i" in any time period "m". The tightest value can be obtained by equating it to the supply in each settlement.$$U_{i,m} = Supply_{i,m}$$

[Model for case study 2]{.ul}

This model is a variation of the previous one. In this case, we have six possible bio-digesters, therefore the set "j" changes from two to six:

DEM\[j \| j is a demand area\] (i.e. BD1, BD2, BD3, BD4, BD5, BD6)

New variables: A new Boolean variable to decide if the biodigester will be built or not, and a positive variable to calculate the incurred cost in case that the bio-digester is built.$W_{j}$True if the bio-digester in location "j" is built, and False otherwise.$Cost_{j}^{BD}$Cost of bio-digester in location "j" (\$/year)

The new data are the installation and operation cost of each one of the potential candidates.$CI_{j}$Installation cost of the bio-digester in location "j" (\$/year)$CO_{j}$Operational cost of the bio-digester (\$/month/cassette)

The disjunctive model can now be written as follows:$$\begin{array}{l}
{\min:\,\, Total\,\, Cost\,\, = \,\sum\limits_{i \in SETT}{\sum\limits_{j \in DEM}{\sum\limits_{m \in TIME}{Cost_{i,j,m}}}} + \sum\limits_{j \in DEM}{Cost_{j}^{BD}}} \\
{\begin{matrix}
{s.t.} & \\
 & {\begin{bmatrix}
Y_{i,j,m} \\
{Cost_{i,j,m} = Cf_{i,j} + Cv_{i,j}x_{i,j,m}} \\
\end{bmatrix}\underline{\vee}} \\
\end{matrix}\left\lbrack \begin{array}{l}
{\neg Y_{i,j,m}} \\
{Cost_{i,j,m} = 0} \\
{x_{i,j,m} = 0} \\
\end{array} \right\rbrack\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
 \\
{\begin{matrix}
 & \begin{bmatrix}
W_{j} \\
{Cost_{j}^{BD} = CI_{j} + \sum\limits_{i \in SETT}{\sum\limits_{m \in TIME}{CO_{j}x_{i,j,m}}}} \\
{Demand_{j,m}^{lo} \leq \sum\limits_{i}x_{i,j,m} \leq Demand_{j}^{up}\,\,\forall m \in TIME} \\
\end{bmatrix} \\
\end{matrix}\underline{\vee}\left\lbrack \begin{array}{l}
{\neg W_{j}} \\
{Cost_{j}^{BD} = 0} \\
{\sum\limits_{i}{\sum\limits_{m}x_{i,j,m}} \leq 0} \\
\end{array} \right\rbrack\,\,\forall j \in DEM} \\
 \\
\begin{matrix}
 & {\sum\limits_{j}x_{i,j,m} = Supply_{i,m}\,\,\,\,\,\forall i \in SETT,\forall m \in TIME} \\
\end{matrix} \\
 \\
\begin{matrix}
 & {\underset{j \in DEM}{\vee}Y_{i,j,m}\,\forall m \in TIME;\,\,\forall i \in SETT} \\
\end{matrix} \\
 \\
\begin{matrix}
 & \left. \neg W_{j}\Rightarrow\neg\left( {\underset{i \in SETT,m \in TIME}{\land}Y_{i,j,m}} \right) \right. \\
\end{matrix} \\
 \\
{\begin{matrix}
 & {x_{i,j,m} \geq 0} \\
\end{matrix}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
\end{array}$$

Note that for this model, the lower and upper bounds on the bio-digester demand can only be met if the bio-digester is built, so it is necessary to include the demand constraints inside the disjunction where the construction of the bio-digester is considered.

We have also added a new logical relationship that states that, if a bio-digester is not built then, there is no transport between from any settlement to that bio-digester.

Again, the disjunctive model can be transformed in a MILP model using a hull reformulation. The MILP model is as follows:$$\begin{array}{l}
{\min:\,\, Total\,\, Cost\,\, = \,\sum\limits_{i \in SETT}{\sum\limits_{j \in DEM}{\sum\limits_{m \in TIME}{Cost_{i,j,m}}}} + \sum\limits_{j \in DEM}{Cost_{j}^{BD}}} \\
 \\
{\begin{matrix}
{s.t.} & {Cost_{i,j,m} =} \\
\end{matrix}Cf_{i,j}y_{i,j,m} + Cv_{i,j}x_{i,j,m}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, m \in TIME} \\
 \\
{\begin{matrix}
 & {Cost_{j}^{BD} = CI_{j}w_{j} + \sum\limits_{i \in SETT}{\sum\limits_{m \in TIME}{CO_{j}x_{i,j,m}}}\,\,\,\,} \\
\end{matrix}\,\,} \\
 \\
{\begin{matrix}
 & {x_{i,j,m} \leq U_{i,m}y_{i,j,m}} \\
\end{matrix}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
 \\
{\begin{matrix}
 & {\sum\limits_{i}x_{i,j,m} \geq} \\
\end{matrix}Demand_{j,m}^{lo}w_{j}\,\,\forall j \in DEM,\forall m \in TIME} \\
{\begin{matrix}
 & {\sum\limits_{i}x_{i,j,m} \leq} \\
\end{matrix}Demand_{j,m}^{up}w_{j}\,\,\forall j \in DEM,\forall m \in TIME} \\
 \\
\begin{matrix}
 & {\sum\limits_{j}x_{i,j,m} = Supply_{i,m}\,\,\,\,\,\forall i \in SETT,\forall m \in TIME} \\
\end{matrix} \\
 \\
\begin{matrix}
 & {\,\sum\limits_{j}{y_{i,j,m} \geq 1\,\,\,}\forall m \in TIME;\,\,\forall i \in SETT} \\
\end{matrix} \\
 \\
{\begin{matrix}
 & {w_{j} + \sum\limits_{i \in SETT}{\sum\limits_{m \in TIME}\left( {1 - y_{i,j,m}} \right)} \geq 1\,\,\,\forall j \in DEM} \\
\end{matrix}\,\,} \\
{\begin{matrix}
 & {x_{i,j,m} \geq 0} \\
\end{matrix}\,\,\forall i \in SETT,\,\,\, j \in DEM,\, k \in TIME} \\
\end{array}$$

Appendix B. Supplementary data {#sec0090}
==============================

The following are Supplementary data to this article:
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